Abstract. In most approaches to stochastic inflation the noise term driving the dynamics is taken to be a white noise process. This white noise is closely linked to a step-function cutoff used to coarse-grain the inflaton field. Taking a different cutoff naturally leads to a coloured noise process. We study the effect of coloured noise on the dynamics of the inflaton, in particular, the resulting probability distributions. Furthermore, the corresponding stochastic differential equation of the inflaton is solved in a perturbative way.
STOCHASTIC INFLATION
Inflation explains the observed flatness and homogeneity on large scales. Furthermore, during the course of inflation, quantum fluctuations of the inflaton are stretched beyond the horizon and turned into classical density fluctuations that serve as seeds of structure formation in the beginning of the epoch of the standard model of cosmology.
Modes leaving the horizon and becoming classical have an effect on the value of the coarse grained inflaton. This backreaction is modelled in the stochastic approach to inflation [1, 2] . The effect of quantum fluctuations entering the coarse graining domain, which is larger than the horizon, is modelled by a classical noise term. Thus the evolution of the inflaton is described by a stochastic differential equation.
The nature of the noise term depends on the way of filtering between modes below and above the coarse graining scale. In the original approach, the window function used to filter these modes was taken to be a step function. This led to a white noise in the equation of motion determining the evolution of the coarse grained scalar field [3] .
However, it was realized that this is an effect of choosing a sharp cutoff. In general it is expected that the cutoff is smooth rather than sharp. A smooth cutoff leads in general to a coloured noise term in the equation of motion of the inflaton (see for example, [4] ).
In the following the effect of a coloured noise term will be discussed.
Basic equations
The dynamics of the inflaton φ in slow roll inflation is described by the equatioṅ
where
is the potential and
In the evolution of the inflaton in its potential there are two competing effects [2] . On the one hand there is the change in the value of φ due to its classical rolling down the potential. This is given by
On the other hand, there is the change due to the quantum fluctuations which become classical outside the horizon. These imply a change
During inflation the horizon has a characterisitc size of H¨1, where H in a de Sitter space-time is strictly constant and in slow roll inflation slowly varies with time. Thus a causal domain has a volume of the order H¨3. During a time interval H¨1 there are e 3 new domains appearing. Each of them contains an almost homogeneous scalar field given by φ £ ∆φ © δ φ . There is a critical value φ s for which the change due to the quantum fluctuations is larger than the classical change due to the inflaton rolling down its potential. Thus there is the possibility that the inflaton "walks up" its potential. This critical value φ s is determined by ∆φ δ φ leading to
In a small fraction of domains the field value will continue to grow. However, once the Planck boundary at V
P is reached inflation will stop. Furthermore, there will be domains in which φ never becomes small enough in order to stop inflation. Thus there are eternally inflating regions. Of course, our universe evolved from a domain in which inflation stopped at some point. Thus the global structure of the universe as a whole (not just our observable part/universe) becomes very complicated [2] . Our observable universe corresponds only to part of the whole universe.
Effective description of stochastic inflation
The scalar field is divided into two parts as follows (see, for example, [5] 
φ is the "system field" containing modes whose physical wavelengths are larger than the coarse graining scale, which is larger than the horizon. ψ is the "environment field" consisting of field modes whose physical wavelengths are smaller than the coarse graining scale.
The aim is to determine the dynamics of the coarse grained field ϕ. This can be written as (see, for example, [6] 
where W ¡ u¢ is a window function, σ a parameter characterizing the size of the coarse graining domain and a k and a † k are the usual annihilation and creation operators. In the original approach to stochastic inflation the window function is chosen to be a step function W ¡ u¢ θ ¡ u¢ [3] . The equations of motion lead to a stochastic differential equation for the coarse grained field ϕ
is a white noise, that is its two-point correlation function is given by
According to equation (8) the evolution of ϕ is described by a nonlinear diffusion process. The corresponding probability distribution is determined by a Fokker-Planck equation
where D The stationary solution ( (10) is given by
This corresponds to the probability for creation of the universe [7, 2] . The stochastic differential equation (8) can be written more generally as
where g is the deterministic drift contribution given as before by
Furthermore, D is the diffusion coefficient given by
Finally, x ¡ t ¢ is the noise term. In the case of a step function cutoff we have white noise, x
However, it seems more natural to expect that the cutoff is not exactly sharp, but is a smooth cutoff. Furthermore, white noise is not realized in nature. It is an idealization. The choice of a cutoff different from a step function leads naturally to a coloured noise term. The power spectrum S ¡ ω ¢ of a given stochastic process is defined by the Fourier transform of its autocorrelation function. Accordingly, the spectrum of a process with a δ -shaped autocorrelation is independent of the frequency ω. This is the reason why it is called white noise. A coloured noise process is characterized by a power spectrum which does depend on frequency [8] . Thus, our aim is to study the stochastic differential equation (12) with a coloured noise term, but leaving the drift term and diffusion coefficient unchanged, that is using equations (13) and (14). Furthermore, it is assumed that the noise process has zero mean,
COUPLING TO AN ORNSTEIN-UHLENBECK PROCESS
A Markovian process is a stochastic process ξ ¡ t ¢ with short memory time [9] .
To give a precise definition one considers the conditional probability density p
. This is defined to be the probability density for the process to take the value ξ at time t, under the condition that it assumed the values ξ 1
The process is then said to be Markovian if this conditional probability density only depends on the value ξ 1 the process assumed at the latest time t 1 , i. e.: p
¢ . This property leads to a great simplification of the mathematical description because it allows to reconstruct the whole hierarchy of joint probability distributions from the conditional density p
In the case of a diffusion process, for example, the latter is determined by the Fokker-Planck equation. The mathematical description and analysis of non-Markovian processes is generally much more involved. However, there are certain types of non-Markovian processes that can be described by Markovian processes through the introduction of appropriate auxiliary variables. An example of this type will be discussed in the following.
The time-dependent probability density of a diffusion process is governed by a Fokker-Planck equation (see, for example, equation (10)). A typical example is given by the famous Wiener process. The Wiener process is a Markovian and Gaussian process, but it is not stationary. Another well-known example is the Ornstein-Uhlenbeck process x ¡ t ¢ . This process is essentially the only process which is Markovian, Gaussian and stationary. It has an exponentially decaying autocorrelation function
and obeys the stochastic differential equation
where η ¡ t ¢ describes white noise. The quantity γ is the relaxation rate and τ c γ¨1 represents the autocorrelation time, while σ measures the strength of the fluctuations.
The aim is to study the effects of a coloured noise in the equation of motion of the inflaton (cf. equation (12)). Strictly speaking the form of the noise process is determined by the choice of a particular window function in equation (7) which in turn is determined by the coarse graining procedure. The coarse graining procedure is influenced by the model of decoherence of the quantum fluctuations leaving the horizon and becoming classical. However, since, to our knowledge, there is no preferred choice of the window function, we take a phenomenological approach and try to investigate in general the effects of a coloured noise process on the dynamics of the coarse grained scalar field ϕ.
The Ornstein-Uhlenbeck process is an example of a noise process that is coloured but still accessible to both the analysis with a Fokker-Planck type equation and direct solution of the corresponding stochastic differential equation. Coupling the inflaton to an Ornstein-Uhlenbeck process leads to the following set of stochastic differential equations,
where the drift coefficient g and diffusion coefficient D are defined as before. In equation (18) the parameter σ which measures the strength of the fluctuations of x ¡ t ¢ was taken to be equal to the relaxation rate γ. This leads to the autocorrelation function
such that in the limit of zero autocorrelation time, τ c 0, one recovers the δ -function correlation of white noise. The power spectrum of this process is given by With this choice, γ becomes a function of time, though slowly varying in slow roll inflation. Equation (18) then describes some kind of generalized Ornstein-Uhlenbeck process, since the process is no longer stationary.
The joint process
is Markovian. Therefore, it is possible to write down a Fokker-Planck equation for the corresponding probability distribution P P
given by [10] 
Integrating out the auxiliary variable x gives the reduced probability distribution,
Although the process ϕ ¡ t ¢ is in general non-Markovian one can construct for constant γ an effective Fokker-Planck type equation for the reduced probability distribution Q
The explicit time dependence of the diffusion coefficient is due to the non-Markovian property of the coarse-grained field ϕ (10)). Moreover, it is the Fokker-Planck equation (10) in the Stratonovich interpretation.
Compared with the coupling to a white noise process, the dynamics of the probability distribution for the coarse grained field ϕ coupled to an Ornstein-Uhlenbeck process is significantly altered for times shorter than the correlation time. Diffusion of the coarse grained field ϕ is highly suppressed for times shorter than the correlation time.
PERTURBATIVE SOLUTIONS
The stochastic differential equation (12) depends on the particular choice of the noise process x ¡ t ¢ . In the last section a particular choice, namely an Ornstein-Uhlenbeck process has been discussed. It was used that for this particular type of coloured noise it is possible to discuss the probability distribution of the coarse grained field ϕ 
